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MEAN CONVERGENCE OF ORTHOGONAL FOURIER SERIES
OF MODIFIED FUNCTIONS

MARTIN G. GRIGORIAN, KAZAROS S. KAZARIAN, AND FERNANDO SORIA

ABSTRACT. We construct orthonormal systems (ONS) which are uniformly
bounded, complete, and made up of continuous functions such that some con-
tinuous and even some arbitrarily smooth functions cannot be modified so
that the Fourier series of the new function converges in the LP-metric for any
p > 2. We prove also that if ® is a uniformly bounded ONS which is complete

in all the spaces LZ["O 1 1 < p < oo, then there exists a rearrangement o of

the natural numbers N such that the system &, = {(;50(”)};1”:1 has the strong

LP-property for all p > 2; that is, for every 2 < p < oo and for every f € Lz[’0 1)

and € > 0 there exists a function f. € LI[’O 1
on a set of measure less than € and whose Fourier series with respect to the
D

[0,1]"

which coincides with f except

system ®, converges in L

INTRODUCTION

In his famous dissertation [L], N. Luzin proved that for every measurable and
almost everywhere finite function f on the circle 0B = {|z| = 1} there is a harmonic
function U(r,t) in the disc B = {|z| < 1} such that

1ir{17 Ul(r,t) = f(e™) a.e.

The proof of the above assertion is based on Luzin’s well known C-property: “For
every measurable, almost everywhere finite function f on [0,1] and every ¢ > 0
there is a perfect set E. C [0, 1] on which f is continuous and |E¢| > 1 —¢.”

This theorem establishes a connection between the concepts of measurability and
continuity of functions. It shows that measurable functions are continuous outside
of sets with arbitrarily small measure. Luzin’s C-property was not only the first
theorem in the series of “correction” assertions, but it also showed for the first
time how a modification result could be used for proving a so-called representation
theorem. Of course the problem of the representation of functions was studied
before Luzin’s work. It goes back to D. Bernoulli, L. Euler and many others. The
modification of functions by a change of the values of the given function on a suitable
set of arbitrarily small measure became an independent area of investigation after
Men’shov’s proof [M2] of the so-called C-strong property (see also [B], pp. 500-510):
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“For every measurable almost everywhere finite function f on [0, 27] and every
€ > 0 there is a continuous function fe such that [{x : fc(z) # f(z)}| < € and the
Fourier series of the function f. converges uniformly.”

This result was used later on by Men’shov [M3| in order to give an answer
to a problem posed by Luzin. Namely, he proved that every measurable almost
everywhere finite function can be represented by a series of the trigonometric system
converging to f almost everywhere.

What Luzin had in mind by posing that problem was not only how to clarify
whether it was possible to strengthen his own result. Mainly, he was trying to
define a new, more general integral. He was convinced, somehow, that if a function
is represented by a.e. convergent trigonometric series, then the coefficients of the
series must be unique. This hope was ruined by Men’shov’s construction of a
trigonometric series with nonzero coefficients which converges to zero a.e. (see
[MT]). Probably this is a good occasion to formulate a problem which Luzin called
Fourier’s Problem (L], pp. 49-51), because it was one of the strong motivations for
him to pose problems which would stimulate investigations on representations of
functions by trigonometric and other orthogonal series, and because up to now not
much has been done for its solution. A literal translation of his statement follows:

Fourier’s Problem. Given an arbitrary measurable function by its values, deter-
mine the coefficients of a trigonometric series which represents it.

After Men’shov’s proof of the C-strong property, many “correction” type theo-
rems were proved for different systems. We are not going to give a complete survey
of all the research done in this area. The interested reader can find references in
[GWI], [U] and [Gx]. The results of our article can be divided into two parts—results
of “positive” and “negative” type. In the first part of our article (sections 1.2 and
1.3) we will give results of “negative” type and in the second part (section 2.2)—
“positive” type. This order is chosen mainly because results of “negative” type were
proved first by two of the coauthors (see [KS]), and it became clear afterwards how
the formulations of results of “positive” type should be. We hope that this will help
to better understand the complete picture of these kind of problems. However, each
of these two parts of our paper is self-contained and can be read independently.

In order to present the results of the first part of our article we have to introduce
Katznelson’s theorem [KT]. In 1974, Katznelson gave an answer to a problem posed
in [B], p. 527, demonstrating that it is impossible to get absolute convergence in
Men’shov’s theorem. He proved in fact that: “There exists a continuous 27-periodic
function on the real line that fails to coincide on any set of positive measure with a
function whose Fourier series in the trigonometric system is absolutely convergent.”

Later on, answering a question posed by Ul'yanov [UI], Olevskii [O] has shown
that one can strengthen Katznelson’s theorem, obtaining the existence of a contin-
uous function that fails to coincide on any set of positive measure with a function
whose Fourier coefficients belong to any class (P,;1 < p < 2.

Motivated by a question posed in [GW], Kazarian [Ka] in 1981 proved that
Men’shov’s theorem cannot be extended to the class of orthonormal systems (from
now on, ONS) which are uniformly bounded and complete: “For any 0 < a < 1
there exist a uniformly bounded L?-complete ONS @, = {#,}5°; of functions
on [0,1] and a continuous function g such that the orthogonal expansion of any
integrable function f with |[{z : f(z) = g(z)}| > « in the system ®, does not
converge uniformly.”
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This theorem has recently been improved in [GKK]. It was shown that in its
formulation one can get that the orthogonal expansion of any integrable function f
with |[{z : f(z) = g(z)}| > « in the system @, does not converge in the L? metric
for any p > 2.

In these theorems the systems which were constructed depended on the number
«. Now, in our work, we are able to get rid of that condition and, moreover,
make the construction in such a way that the resulting functions are continuous.
In order to avoid any misunderstanding we recall that a system of elements in a
Banach space is called complete if its finite linear combinations are everywhere
dense in that space. Also, the notion of orthogonality is always to be considered in
connection with the natural inner product of L2. In particular, every ONS is made
up of elements in L2.

Theorem 1.1. There exists an ONS © = {¢p}52, of continuous functions defined
on [0,1],$,(0) = én(1) = 0, that is complete in all the spaces Lﬁ)’l], 1 <p< oo,
which satisfies the uniform estimate

(1) |on(2)] <C, =z €l0,1],neN,

and with the following property: for every m = 0,1,2,... there exists a function
gm € C™ such that for every f € L1 which coincides with g, on a set of positive
measure the Fourier series of f with respect to the system ® does mot converge in
the Lfo,l] metric for any p > 2.

The above theorem is derived from a more general scheme which has its own
interest and is formulated as Theorem 1.6. In §1.2 the following theorem is also
proved.

Theorem 1.5. There exists an ONS F = {f,}2, of continuous functions defined
on [0,1] and such that f,(0) = f,(1) =0, F is complete in all the spaces Lfo,u’ 1<
p < 00, and for every m = 0,1,2,... there exists a function g,, € C™ such that
for every f € L1 which coincides with g, on a set of positive measure, any
rearrangement of the Fourier series of f with respect to the system F does not
converge in the Lﬁ)?l] metric for any p > 2.

We would like to mention here that the differences in the formulation of Theorems
1.1 and 1.5 are essential since, as it will become clear later, in Theorem 1.1 we cannot
assert the divergence for every rearrangement of the given system and, reciprocally,
the assertion of Theorem 1.5 is not true for uniformly bounded complete ONS.

Before presenting our results on what we call the strong LP-property, we would
like to mention the two papers [T] and [P]. In [T] a “correction” type lemma was
proved for general complete ONS and, as a consequence, it was shown that any
complete ONS is a system of representation in the sense of convergence in measure.
In [P] it was perhaps for the first time observed that by Fejer’s lemma one can
easily derive “correction” type lemmas. It was proved there that any complete
ONS, under some weak restrictions, becomes, after some fixed rearrangement, a
system of representation in the sense of convergence almost everywhere.

Our first result in this direction states that if for p > 2 we suppose that the ONS
O = {¢,, }5°; satisfies the condition

(2) lénllp < Cp for every n € N,
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p
(0,1

natural numbers so that the system ®; = {¢y () }n=; has the strong LP-property
described in (5) and (6) below. But first we need some notation. Let

and is complete in L then it turns out that there exists a rearrangement o of the

3) Se(f.x) = sup |y ern(f)du(@)l,
k=1

1<m<oo

1

() ) = [ 1@,
0

Then the following theorem is true.

Theorem 2.1. Let & = {¢,,}521 be an ONS complete in the space Lfo,u’ for some
p > 2, and assume that (2) holds. Then there exists a rearrangement o of the natural
numbers N such that the system ®, = {¢g(n) }ns1 has the following property:

For every f € LY ., and € > 0 there exists a function f. € Lt .. such that

[0,1] [0,1]
() {z: flx) # fe(@)} <
(6) Z Co(n) (f€)¢(r(n) = fe in Liﬁ)J]v
k=1

where the coefficients are defined by (4). Moreover,

C
(7) 185, (fe: Mlp < Cpll fellp < =22 1f1lp-

€ P

If the complete ONS & = {¢,, }22 ; satisfies slightly stronger conditions, we can
show that there exists a rearrangement o of the natural numbers N such that the
system ®, = {¢,(n)}ne; has the strong LP-property for every p > 2. Namely, we
have
Theorem 2.2. Let ® = {¢,}521 be an ONS complete in all the spaces Lfo,u’ 1<
p < oo, which satisfies (2) for all p > 2, but not necessarily with C, uniformly
bounded. Then there exists a rearrangement o of the natural numbers N such that
the system ®, = {Gon)}ney1 has the strong LP-property for all p > 2. In fact,
for every 2 < p < oo and for every f € Lfo,u and € > 0 there exists a function
fe € LI[DO,l] such that conditions (5) and (6) hold.

Moreover, (7) is true (including the case p=2), and if f € Lf’o 1] foralll <p<
oo and € > 0, then there exists a function f. € ﬂl§r<oo Lfo 1] such that conditions

(5) and (6) are true for all 2 < p < co.

Let us make the observation that Theorems 2.1 and 2.2 are no longer true if we
do not allow a permutation of the system. This can be easily seen from what was
formulated above, namely, from Theorems 1.1 and 1.5.

Every theorem about modification of functions can be accompanied by a result
on the existence of universal series. If M is a class of measurable functions and
{fn}52, is a sequence of functions from that class, then a series > | f, is said to
be universal with respect to subseries in that class in the sense of convergence a.e.,
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or in some metric, if for each function f € M there is a subseries
oo
E fnka ny <ng <---,
k=1

converging a.e., or in the given metric, to f. Instead of subseries one also can take
rearrangements or subsequences of partial sums of the given series. Obviously one
can define universal series for more general objects. In this context, the famous
theorem of Riemann on numerical series can be interpreted as the first result about
universal series. One of the first results about universal series of functions was
proved by Orlicz [Or] in 1927; he showed that in the class of all measurable functions
there exists a series of functions which is universal with respect to rearrangements in
the sense of a.e. convergence. Trigonometric series that are universal with respect
to subsequences of partial sums in the sense of convergence almost everywhere were
constructed by Men’shov [M3] and Kozlov [Kag]. Orthogonal series universal with
respect to rearrangements have been first studied by Ul'yanov [U2].

It can be easily seen that there do not exist universal series with respect to any
of the above mentioned means in the sense of convergence in Lfo.l]’ p > 2. We will
see, however, that there exist universal series in some weaker sens,e7 as the following
two theorems show.

Theorem 2.3. Let ® = {¢,}52, be an ONS complete in the space Lf’071], for some

p > 2, and assume that (2) holds. Then there exist a rearrangement o of the natural
numbers N and a series

(8) Z bn(ba(n)
n=1

with the following properties:
For every f € Lfo,l] and € > 0 there exist a function f. € Lfo,l] and a subsequence

{nK}e2, such that |{x : f(x) # fe(x)}| <€ and

o0 o0
Z b Po(ny) = fe in Lﬁ)ﬂ; Z |bp,|” < o0 for every r > 2.
k=1 k=1

This gives us the existence of universal series with respect to subseries in the
sense of LP-convergence, p > 2, after an e-modification of our given function. It
also gives precise estimates on the size of the coefficients of the expansion of f. with
respect to the system @, .

Theorem 2.4. Let ® = {¢,}22, be an ONS, complete in all the spaces LI[DO.l]’ 1<
p < 00, and satisfying (2) for all p < oco. Then there exist a rearrangement o of
the natural numbers N and a series (8) such that:

For every f € (1<<oo Li 1) and € > 0 there exist a function fe € Ni<r<oo 10,1]

and a subsequence {ny}7>, such that |{z : f(x) # fc(z)}| <€ and

Z bry Po(n) = fe mn Lfo,u’ for all 1 < p < oc;
k=1

(o)
Z |bp, | < 00, for every r > 2.
k=1
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Different constants in the text frequently are denoted by the same letter, with
the parameter on which these numbers depend given by an index.

1. COMPLETE ORTHONORMAL SYSTEMS WITHOUT THE STRONG LP-PROPERTY
1.1. Definitions and auxiliary results. Set
Sn(x) = V2sin mnz, n e N,z € [0,1],

and, for every k € N, let us put Ay, = [1 — 27511 - 27%). We will say that a
function g defined on the semi-interval [0, 1) belongs to the class C* if

o0
Z n™|b,(g)| < oo for every m € N,
n=1

where

(9) bn(g) = 2/0 g(t) sin Tntdt.

Denote by xa the characteristic function of the interval A and let In be the in-
creasing affine transformation which maps A onto [0,1). By I;l we will denote its
inverse transformation. The following class of functions is also introduced:

CX ={fola:feC>®}.

Let A = {\,}22; be an increasing sequence of natural numbers such that the
remaining set of numbers N\ A is not finite, and denote by C3° the class of integrable
functions g defined on [0, 1) such that

(oo}

Z n" by (g)| < o0 for every m € N,

nn;é:)\lu
where the coefficients b, (g) are defined by (9). Similarly as above, we denote

CXp={fola: feCT}).
For the construction of uniformly bounded complete ONS we will use a well

known method which is formulated in the following lemma (see |[GKK]).
Lemma 1.2. Let B be a closed subspace of L[2071] which can be represented as a
direct sum of two closed orthogonal infinite dimensional subspaces of L[QO’U,B =

B1 & Bs, such that By has an orthonormal basis G1 = {gi}32, consisting of
functions from the space L‘[’g’ 1] and By has a uniformly bounded orthonormal basis

Go = {g3}72; that is,
||91%||OOSC<OO, k € N.

Then B has a uniformly bounded orthonormal basis ® = {®}72,, and there exists
an increasing sequence of natural numbers {ny}7° | such that

nk_*_l*l

gé: Z A P, -

m=ng

Moreover, each element of ® can be represented as a finite linear combination of
some elements of G1 and Gs.
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In [GKK] this lemma is formulated without the last conclusion. We have added
this observation because we will need it in our proofs. One can easily see that it is
true by examining of the proof of Lemma 1.2 in [GKK].

For proving the main result of part 1 of this article we need the following modi-
fication of a result by A. Zygmund ([Z], Vol. 1, p. 203).

Lemma 1.3. Let ¥ = {E,,}3_; be a sequence of sets in [0, 1] of positive measure
satisfying

|[EnAE| — 0 when m — o0, with |E| > 0,
where |EAE| = (B \ E) U (E '\ Ey), and consider fized numbers C > 1 and

q > 1. Then there exist integers No = No(F,C,q) and My = My(E,C,q,X) such
that for any real trigonometric polynomial of the form

P(z) = Z(aj cos 2mn;jx + bj sin 2mn;x),
Jjz1

with nqw > Ny and nj11/n; > q > 1, and for m > My, we have
1 1
-t 2 4 p? 2 2, 42
O™ Bl Y (a3 +13) < [Emp (z)dx < C|Em|§§ (a2 + B2).

Proof. Writing the polynomial P in the complex form > _, ¢, exp(2min,x), with

n_, = —n,, we have

/E ) P?(z)dz = /E ) {ch exp(QWian)] [Zzu exp(—27rin,,x)} dz

(10) = |E,| Z e |2 + Z CME,,/ exp(2mi(n, — n,)z]dz.

sy En

vEZ

Denote by V;im) (respectively by i) the complex Fourier coefficients of the charac-
teristic function of E,, (respectively of E). Then the absolute value of the last sum
can be estimated from above by

1 1 1
3 3 3
) [k (Shir) = (Zlak) (Chil.e)
MV pnF v H HAY
It is well known that there exists a number B, such that no integer n can be

represented more than B, times in the form n, —n, with g # v if {n;} is as
above ([Z], Vol. 1, pp. 203-204). Thus, the last factor in the right-hand side of

(11) does not exceed [2B, YN, |'y,(€m) 2]z, where Ny is smaller than the least integer
representable in the form n, —n, with 1 < v < p. Now, if this Ny is sufficiently
large (depending on E, e > 0 and q), we have also

1
o) 2
2B, > w] <¢lB).
No

On the other hand, the condition |EAE,,| = [ |xg — xE,,|> — 0 says that |E,,| —
|E| and Y |y — 'y,(cm)|2 — 0 as m — oo and, therefore, for My large enough and
m > Mo, the right hand side of (11) is majorized by (3_, lcu|?)| Emle. It suffices
then to take e = C — 1 and e = 1 — % to obtain the inequalities stated in the
lemma. (|
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1.2. Complete orthonormal systems without the strong LP-property after
any rearrangement. In this section we will give a proof of Theorem 1.5 stated
in the introduction. Define, for k,n € N,

k+1
1 () = {2 T splla, (z)] for x € Ay,

12
(12) 0 otherwise on [0, 1].

It is clear that all these functions are continuous on [0, 1] and that T = {tk k,n €

N} is a complete ONS. Tt is rather obvious that T is complete in all the spaces
LI[DO.l]’ 1 < p < 0o. Define

A 1 .

(13) ST@ZV#%WHAV%“@)MZhhﬂ&uw:L%
From the completeness and orthonormality of the system (12) we immediately

deduce that the set of functions {s¥* n > k;k = 1,2,...;i = 1,2} also forms a

complete ONS.

Lemma 1.4. Let f € Lfo 1] for p > 2, and assume that fxa, ¢ C‘Z"k for some
k € N. Then,

(14) lim {[ch sy .z
—00

= 400
n Apt1 ’

where

1
15 wi= wi(t)dt.
(15) c / F(t)sh (1)t

Proof. Set g = (fxa,) o I&i. Since fxa, ¢ C‘Z"k for some k € N, then there exists
m € N for which

o0
(16) > ™ ba(g)| = oo,
n=1
where b,,(g) are the Fourier coefficients of the function g with respect to the system

S = {sp}52,. By (12) and (13) we get

i1 i—1gny? x)s x)|dz
= [ st 12 /A @kl @)

= by + (=)ot

Also
; n(l_1
(18) snilley, = 0pa2"®7), n>k,
where oy, > 0 is independent of n. We obtain (14) by (15)—(18) and the following
claim (which is an easy consequence of Holder’s inequality). O

Claim. For any k,m € N, with the above notation,

o0 o0
ST am ot < Cllgllp S e T < 4o,
n=k n==k

where C > 0 is an absolute constant and q = % < 2.
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This finishes the proof of the lemma. In order to conclude the proof of Theo-
rem 1.5 it suffices to take F' as any enumeration of the system {s% n > k;k =
1,2,...;4 = 1,2} and then use Lemma 1.8 below (in fact a weaker version of it,
since we can let A = () here). If {f,,} are the functions constructed in that lemma,
then our smooth functions in Theorem 1.5 are g, = Y, (fm 0 Ia,)XA,-

1.3. Uniformly bounded complete orthonormal systems without the
strong LP-property. The following theorem is proved to make more transpar-
ent the existence of systems that was asserted in Theorem 1.1.

Theorem 1.6. Let A = {\,}52, be an increasing sequence of natural numbers
such that the remaining set of numbers N \ A is not finite, and let kg € N be
giwen. Then there exists a uniformly bounded ONS @E\k‘)) = {n}22, of continuous
functions defined on the segment [0, 1], ¢, (0) = ¢, (1) =0,

[¢n(x)] <C, ze0,1],neN,

that is complete in the spaces Lﬁ) 1 1 < p < o0, and with the property that for every
Junction f € Ly q) such that

fxa, & CX, forsomek#ko or fxa, ¢ O,

p

its Fourier series with respect to the system ég\ko) diverges in any metric L[o 1)’

p> 2.

Proof. The construction of the system <I>5\k0).

Let {tko},cn be any enumeration of the subset {tfo; n € N\ A}. Recall that
the functions tX were defined in the previous section. For simplicity let us write

th =1k

n n

when k # ky and k € N.
Define

(@) = S @) + ()T @) (2 kk =12, 5i=1,2),

It is clear again that these new functions are continuous on [0, 1] and that the
family {85 n > k;k € N;i=1,2} U {t’;\o °° , is a complete ONS.

The proof of the analogue of Lemma 1.4 for the system {55 n > k;k € N;i =
1,2}, which only requires some obvious modifications for the case k = ko, is com-
pletely similar. Hence, taking as G; some enumeration of the set of functions

{88 n > kikeN;i=1,2}

and letting the ONS {tAi‘i 192 ; stay for the uniformly bounded system Ga, we easily
obtain from Lemma 1.7 that the uniformly bounded complete ONS constructed in
this way has all desired properties of Theorem 1.6. The new system will be denoted
by &), O

In order to continue now with the proof of Theorem 1.1, we have to prove two
additional lemmas. The first of them establishes a direct relation between the
lacunarity of the Fourier series of a function, its modulus of continuity, and absolute
summability.
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Lemma 1.7. Let a function g € L[20_1] be given in the form

(19) g(x) = Zc,, exp(2min,x), where —mn, =n_,,

—00

with nj41/n; > q > 1, and suppose that g coincides on a set E of positive measure
with a continuous 1-periodic function f with modulus of continuity w(d). Then, if

oo

> wizn') < oo,

1

the series expansion of g is absolutely summable; that is, {c,} € I1.

Proof. Suppose that the function g is periodically continued on the real line with
a period equal to 1. Then, for 0 < h < 1 we have

(20) glx+h)—glx—h)=—-2i Z sin(2whn, )e, exp(2min,x).
Denote
E,={ze€E:xz+in,'€E}
and let x be the characteristic function of the set . Then, from the fact that

/|X(x+t)—x(a:)|dx—>0 for t — 0,

we get that
|[EAE,| — 0 when v — oo.

Hence, by Lemma 1.3, putting C' = 2, we have that there exist integers Ny and M
such that when v > M

1
1B Yl < [ lota)Pds,
n;>No By

Therefore, by (20),

(21) /E lg(z + h) — g(xz — h)|*dz > |E,| Z |cj|QSin2(27rnjh).

n;>No

Setting h = %n; 1 we have, from the definition of E, and our hypothesis on f,

[ law 0 = go~0)Pdz = [ 15+ b fa = 0P

B, v

Thus the left-hand side of (21) does not exceed w(in, ')?|E,| for v > My, and
hence, for n, > Ny and v > My, we obtain |¢,| < w(3n,!). O

Lemma 1.8. There exists an increasing sequence of natural numbers A = {\, }52
such that for every integer m = 0,1,2,... one can construct a function f,, € C™
satisfying

d d

@fm(o):@fm(l)zoa 0<j<m,
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and, if g € Ly coincides with fm on a set of positive measure, then

(22) Y " balg)] = ce.
i

Proof. Let

(23) A =22 forveN,

and let us construct our function for the case m = 0. As in the proof of Katznelson’s
theorem, we use the so-called Rudin-Shapiro sequence {¢;}5°, ¢; = £1, which has
the following property:

For all positive integers n,m € N

n+m B
Z e;emI" < 5vm
g=n+1 Cl-1,1
(see [K2], pp. 33-34). Define for z > 0
q)(x_{ej, if j<e<j+i,

(24) . T )
linear for j + 5 <2z <j+1,

and

8k
(25) Dy(z) = (Tx) .
Let k,, = m! and, for m € N, set

0 forz =0,z =1,
(26) @7, (z) = { Ps,, () if € [87Fm 1 — 8 Fm],
linear for 0 < z < 8 %m and 1 — 87 Fm < < 1.

We now define our function on the segment [0, 1] by the following formula:
o0
(27) folw) = 3 kil (a),
m=1

and we extend it on [—1,0] to be an odd function. By an obvious modification
of Katznelson’s original proof we arrive at the claim that if a function g is the
sum of an absolutely convergent series with respect to the system S = {s,(x)}52,
then the set {z : fo(r) = g(x)} has measure zero. On the other hand, by an easy
calculation we deduce from (24) - (27) that the modulus of continuity of fo satisfies

1
logd—1"
In particular, from Lemma 1.7 and (23) we obtain - |bx,(g)| < o0, and by the
above remark, we get (22).

For m > 1 we obtain the function f,, by integrating f,,_1 and subtracting after-
wards a,,¢m (), where ¢, is an (m + 2)-times continuously differentiable function,

A = fol Gm—1(t)dt and

&’ dJ
@éf?m(o) = 77

w(fo,0) <C

om(1) =0 (0<j<m—1)
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am am

dx—m¢m(0) = 0; dx—m¢m(1) =1
If two differentiable functions coincide on a set of positive measure, then they
coincide on the closure of that set. Hence, their derivatives will coincide on a set
that contains the points of density of the given set, and that again has the same
measure. O

Proof of Theorem 1.1. 1t is an easy consequence of Theorem 1.6 and Lemma 1.8.
We let A = {A\,}52, be any sequence of increasing natural numbers for which the
assertion of Lemma 1.8 is true, and then we take (I)ﬁxl) = {pn}52, to be our system.
Putting

o fm(Ia, (7)) forx € Ay, k€N,

Im () = ag||fm o In, ]

where {a;}7°, is any sequence of positive numbers tending to zero, we finish the
proof. O

2. THE STRONG LP-PROPERTY FOR ORTHOGONAL SYSTEMS

2.1. Definitions and auxiliary results. Let us start by recalling the definition
of independent functions. This will help to simplify some calculations.

Definition 2.5. Two functions f and g are called independent if for any given
numbers a, b, ¢, d with a < b and ¢ < d the following equality is true:

(28) Hx e€[0,1]:a < f(zx) <b,c<g(z) < d}

=|{zx€[0,1]:a < f(z) < b} {x €]0,1]: ¢ < g(z) < d}|.

From this definition one can easily verify that if two given integrable functions
f and ¢ are independent, then

(29) / ' f@)gla)da = / ' f(a)da / ().

Let us mention another easy consequence of the definition. If the functions f
and g are independent, then |f| and |g| are also independent, and, moreover, the
functions |f|* and |g|?, for any positive numbers «, 3, have the same property.

One of the main tools in the Men’shov type constructions is the following simple
observation (see [Z], p. 49)

Lemma 2.6 (Fejer). Let ¢ € L /1 < p < oo, be a I-periodic function on the

[0,1]°
real line R. Then for every f € L[0 1 where p' =1 or oo if, respectively, p = oo or
1, and p’ = =25 if 1 < p < oo, the following equality holds:

Jim | f( na:da:—/f da:/¢

For every 0 < h < 1 we define

—L1-h or xr
(30) Ti(w) = { L el

We need Garsia’s result about permutations of given numbers ([G], pp. 93-97),
which is one of the crucial points in the proof of Theorem 2.2.
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Theorem 2.7 (Garsia). Let {a;}}_; be a sequence of real numbers. Then, if 1 <
p < 00,

1 n N n y4
BU %w%+%+mﬂm“%hZﬁwﬂZw]
o - = Jj=1 Jj=1

where the sum on the left is taken over all permutations o of the numbers {1,2, ...,
n}, and Cp > 0 depends only on p.

2.2 Modification of functions. We are going to present two lemmas which will
be needed in order to prove Theorems 2.1, 2.2 and 2.3, 2.4 stated in the introduction.
Lemma 2.9 uses the same hypotheses as Lemma 2.8 but the conclusion is stronger.
It is, though, technically more complicated and for that reason we have found it
more convenient to separate the result into these two parts. Moreover, for the proof
of Theorems 2.1 and 2.2 one only needs Lemma 2.8, whereas for Theorems 2.3 and
2.4 one needs the full strength of Lemma 2.9.

Lemma 2.8. Let ® = {¢,}52, be an ONS complete in the space Lﬁ) 1) for some
p > 2, and assume that (2) holds. Then, for any given function f € Lf’071], every
positive numbers 0 < § < 1, every n > 0 and any natural number Ny > 2 there
exist a function f € Lfo 1 and a polynomial (with respect to the system ®) H(x) =

Zx; ar ¢k (), such that
a)  Ha:f(z)=f@)}>1-4;
D) Illy <267 [ Flps
o) |If=Hllp<n

Moreover, there exists a rearrangement my of the numbers No, Ng + 1,..., N1 such
that
m 1
) Hm§%M|g;amm@mmO|p<Qﬁpﬂﬂm
=1iVo

where C, > 0 depends only on p.

Proof. Without loss in generality we can suppose that

(32) 7 < fll2-

Let A; = (12_—Jl, 2%), 1 <i<27/,j € N. There exists a function of the form

on

n
= XA h that — -
(33) g9(z) ;7 Xa;  suchthat [[f —gll, <3
Let
(34) m 7

T 12C,Ny

Applying Fejer’s lemma with f = g - ¢ and ¢ = Js, and using the fact that
fol Js =0, we can find a natural number

(35) s>n
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such that the following inequality holds:

1
(36)  [bi| = | / 0(@) (@) s (2°2)da| < for every 1 < k < No.
0

It can easily be seen by (30), (33) and (35) that the functions g and
(37) 9(x) = g(x)J5(2°x)

are independent. From the completeness of the system @ in the space L
find a polynomial with respect to the system &,

p

[0,1] we can

Ny
(38) P(z) =Y axge(x),
k=1
such that
A M
- P —.
(39) g~ Flly < &

By (36), (38) and (39) we obtain

1
lak] < bi] + bx — ax] < + | / (i) — P(a))én ()de| < 2.

Hence, denoting

Ny
(40) H(z) = Zakcﬁk(x)
No
by (38), (39), (2) and (34) we deduce that
N . 1
(41) 19— Hllp < 19 = Pllp + 2NoCpm < 7.
Now, putting

(42) f=f-g+3

from (33) and (41) we obtain that for the function f and the polynomial H defined
by (41) condition c) of Lemma 2.8 holds.

Condition a) of Lemma 2.8 follows easily from the definition of the function Jj,
(see (30)) and by (37), (42).

From the fact that the function g (see (33)) is constant on the dyadic intervals
of length 27", and from (35) and (37), we deduce that the functions g and § are
independent. Hence, using the properties of independent functions mentioned in
section 2.1, we get

(43) / a(@)Pda = / 525 )P da / lg(@)Pda < 617 / l9(2)Pda

Thus, condition b) follows immediately from (42), (33), (32) and (43).
For the proof of condition d) we use the following inequality, which we get from
(40), (41), Parseval’s equality and the independence of the functions g and g:
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Ny 1 1 2
(14) > at= [ H@Par<s [ laPa+ T
k=No 0 0

2 1 ,'72 3 1
<= 2 — <z 2dz.
<3 [ lo@Par+ L <3 [ gar

The last inequality follows from the fact that n < 2|/g||2, which in turn can be easily
obtained from (32) and (33).
By Garsia’s theorem we have

1 ! <
R — p
(Nl - NO + 1)' Z/o Nogl’r?LéNJkZN agk¢gk(m)| dx
g =No

1 Ny Ny 2 b
< C,’,’/ Y adr(@)| + | Y lardi (@) dz.
0 k=N, k=No

Thus, by (2) and the triangle inequality in L? we obtain immediately that there
exists a rearrangement my of the numbers Ny, Ny + 1, ..., N1 such that

N 1
< cp[||H—g||p+ |g|p+< 3 ) }
P

k=No

No<m<N,

(45) H max ‘ Z awo(k)¢wo(k)(')‘
k=No

Now, (45), (41), (42), (44) and (32) gives us condition d). O

Lemma 2.9. Under the same hypotheses of Lemma 2.8, and given € > 0, there
exist a function f € Lﬁ) 1] and a polynomial with respect to the system ®, H(x) =

Zx; ardr(x), satisfying conditions a), b), ¢) and d) of that lemma, as well as the
estimate

Ny
)Y <
No

Proof. We will repeat the proof of the previous lemma with some appropriate mod-
ifications. In this case we write

gn gn
. n
9(x) =Y _vixay = _gilx)  for which [|f —g|l, < 5,
i=1 i=1
and add the new condition that
)
lgill3 < g, forevery 1 <4< 2",

where €, satisfies the inequality

1
ee'g/ |f(2)]?dx < €
1 52 0 .

Now, we define the number 7; as

n

= 12C,2" Ny
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We have to apply Fejer’s lemma for every function g;,1 < i < 2™, for a number Ny;
which has to be defined according to what happened in the previous step, and for
the number

_ n

~ 12C,2" Ny,

In this way we find natural numbers s; > n such that

i

1
|bki| = |/ 9i(v) o () Js (2% x)dz| <n;  for every 1 <k < No;.
0
Then, we observe that for every i,1 < ¢ < 2™, the functions g; and
9i(x) = gi(x)Js(2]x)
P

are independent. From the completeness of the system & in the space L[0 1 We can
find polynomials

Noit1
Pi(x) = Y apidr(x)
k=1
such that
o i
. Pi < —.
.~ Pl < &

By the same argument as in the proof of Lemma 2.8 we see that

1
lai] < [bga] + [bri — ksl < 1 + | / (6i(2) — Pi(@))u (x)dz| < 20
0

Hence, denoting

Noit1

Hi(z) = Y aridw(z),

Noi

we deduce that
16¢ — Hilly < 195 — Pily + 2NosCyms < 727"
Now putting
fi=rfxai —gi+ai

and
on

f=>_1
i=1

we obtain similarly that for the function f and the polynomial H = 212;1 H; the
conditions a) and ¢) of Lemma 2.9 hold.

Writing the analogue of inequality 43 for every g; and then summing over i, we
prove condition b).

Also, for every i, 1 <i < 2" we can write the analogous condition of (44) as

Noit+1

3
> ati<3 [ P

k=No; n
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Hence by the condition posed on the L?-norms of the functions ¢; we conclude that

sup |ak;| < €1.
ki

Summing over i both parts of the former inequality about the squares of the coef-
ficients, we get

2™ Noit1

>3 di<3 [ i@

i=1 k=No;

Using these estimates, we obtain

Noit1 2™ Noit1
24€ € 2
> lakit <suplarl<- D D ag
k=No; ki i=1 k=No;

9 1
<€ - 5—2/0 |f(2)|?dx < e.

This gives condition ¢*) in the lemma. Condition d) is completely analogous to
that in Lemma 2.8. |

Proofs of Theorems 2.1 and 2.2. We will present here a detailed proof of Theorem
2.2, along with some indications of the changes needed to obtain Theorem 2.1.

Proof. Let F be an everywhere dense sequence of functions in the space Cjo 1}, and
let Rs be the set of all rational numbers greater than or equal to 2. In the case of
Theorem 1.1, it suffices to take as Ry a set consisting only of the point {p}. Denote
by

Q=FxRy={(f,r): f€Fandr € Ry}

all possible pairs of elements of the sets I and Ra. Let Q = {w;}72; be any enu-
meration of the set Q. For every j € N take w; = (f;,7;), and denote

(46) U —f for1<k<j

Then we apply Lemma 2.8 for p = r; and for every function f,gj), 1 <k <j, with
§ =27k 1n=2"2% and Ny = Nj i, where
(47) N171:]., Nj+1,1 :Mj,j'f']., Nng:Mj,kfl'f']. for 2§k§j

Thus we get functions f,gj ) and polynomials

Mj,k
(48) H,E” = Z a;P;
i=Nj
such that
(49) Ha: f9) = fi@)} > 1-27%  |If; = H||,, <27%,

. k.
(50) 1), <2-27

|fj||7“j'
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Moreover, there exists a rearrangement ; j of the numbers Nj p, Njp+1,..., M;
such that
o0 | ms, 1Y enotno0l| <c2Tisl,

Nj, i=Nj . )

where C}, > 0 depends only on p.
Now, we define the desired rearrangement in our theorems. Let

(52) on)=mjrn) for Njz<n<M;pand1<k<j jeN.

It remains to prove that for the system ®, = {¢,(,)}n2; the conclusions of Theorem
2.2 (and Theorem 1.1) are true; that is, if 2 < p < oo, f € Lf’o 1] and 1 >¢€> 0, we
have to construct a function f. such that conditions (5) - (7) hold. Let v € N be
the least number for which

1
(53) 2 > -

€
and let 9 € N be any number such that

(54) 2% > fIlY o=

We now start the process of constructing the function f.. As the first step we take
an element wj, = (fj,,7;,) € Q such that

(55) If = fillp < 27200FD 0 where ji > g+ 1,
and
(56) 1 £l <2 fsullp,  where 7y, > p.
((56), like (63) and (66) below, is obvious when Ry = {p}.) Then we denote
(57) = o4
and by (47)-(51) we conclude that
(58) Heg1(@) = f@} =1-27""1 lgo = Pully,, <2777,
where
My v (1)
J1
(59) P = Z aﬂjl,uﬂ(i)(bﬂjl,uﬂ( ) — Hv+1
i:Nj11,,+1
By (56),
V—f;l Ui-f;l
(60) lgallp < llgallr;, <2-227 ([ fiullry, <4-277 (15 lps
m v+1

(61 \ Moo B | 2 awjl,u+1<i>¢wjl,u+l<i><->\ < G2 || £l lp-

J1,v+1 MV v+ i:le,u+1 P
We choose a second element wj, = (fj,,7;,) €  so that
(62) 1f = fi = (Pr=g1) = fiallp < 2720072 where ja > ji;
(63) ||fj2||7"j2 <2 ||fj2||107 where T'j2 2 p.

Hence by (55) and (58) we have
(64) 1£5. 1l < 277,
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By induction, we take an element w;, = (fj,,7;,) € € so that

n—1 n—1
(65) [If =D fir = D (Pr=gu) = fillp < 27200,

1=1 1=1

In > Jn—1> > 51 > 1+ 1,
(66) 1 fllry,, < 2-WF5ullps 750 2 P,
obtaining in that way
(67) ||fj Hp < 9 2(vo+n) +2—2(uo+n—1) 427 2n-1 9—2(ro+n—2)
Hence, taking
gn = fAlE{:Y)La
by (47)—(51) and (66) we get
(68) {z:gn(@) = f5,@)} >1=27"""  |lgn— Pullp < 2%,
where
Mjy, vtn .
(69) Po= Dm0, 0n(i) = HY,.
i=Nj, vtn
Also
vin
(70) lgnlly <4277 |15, llp,
G +

e | Y 00| <62 1L

Jn,v+nSMSMG, v4n i:Nj,,“L,+” »

By (67), (68) and (70) we see immediately that the series
(o) o0 o)
Z fjna Z 9n, Z Pn
n=1 n=1 n=1
converge in the LP-metric and
(72) Hx;zgn(x)—zjfjn(x)}‘ >1-27".
n=1 n=1

From (65) we deduce that

o) o0 o0
F=2 05 =2 9nt 3 Pu
n=1 n=1 n=1

Hence we easily conclude from (72) and (53) that for the function

00
fezzpn
n=1

condition (5) holds. Also, we can check by (67) and (71) that the series in (6)
converges. In order to prove (7) we select for a given natural number k the corre-
sponding numbers N, ,4¢ and M;, , ¢ such that

Nje,l/-{-e S k S Mje,l/-‘re'
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Then, using the triangle inequality, by (67), (71) and (58) we obtain

E m
IS5ulfe <D | . max S an )0, m(.)‘
n=1 In,v+nSIMSMG, v4n 7;=Njn,u+n »
¢ . ‘ N
<G> 27 I filly < cp(ngup R 22<m+n>>,
n=1 n=2

We can estimate the last expression by (53)—(58) and the condition b) of Lemma
2.8. That finishes the proof of (7) and, therefore, of the first part of Theorem 2.2.
(In particular, we have completed the proof of Theorem 2.1 too.)

It remains to show then how one can get the uniform estimates in the second
part of the conclusion of Theorem 2.2—that is, if f € LI[DO,l] forallp>2ande>0
is given, then there exists a function fe € (Nyc, oo Liy 1) such that conditions (5)
- (7) for the system ®, = {¢,(n)}nzy are true for all p > 2. To do this, we fix
as above the least number v for which (53) holds. Then we take any sequence of
increasing rational numbers tending to infinity:

(73) PL<p2<--<pp<-+;  pp— 0.

The idea is to apply now the previous arguments to each p = p,, inductively in
n, but as if we were in the situation of Theorem 1.1. As the first step we take
an element wj;, = (fj,,r;,) € Q, with 7;, = p1, such that condition (55) holds.

(Condition (56) is superfluous here.) Then, as before, we take g1 = f (ﬁi for which

v

the conditions (58)-(61) hold with p; instead of p. We choose the second element
wj, = (fjs:74s) € Q, with r;, = po, so that condition (62) holds with p, instead of
p. Hence by (55) and (58) we get

”sz”pl < 272”'

At the n-th step we take an element w;, = (fj,,7j,) € Q, with r; = p,, so that

n—1

n—1
Hf—! S 5SS P g
=1

=1

<97 2wtn), G > a1 > >G> v+,
Pn

obtaining immediately that

(74) /3.

—2(vo+n—-2
pn71<2 (votn )

Now, taking g, = fu(if,z as above, we see that conditions (68)-(71) hold with p,
instead of p. The rest of the proof is easy. Given any p > 2, by (73) we can select
n € N such that p,_1 > p, and use the same arguments, in this case referring to
condition (74) instead of (67). O

Analyzing the proofs of Theorems 2.1 and 2.2 above, the reader can easily see
that what we have proved (say in the context of Theorem 2.2) is the following fact:
For every e > 0, 2 < p < o0, and every f € Lﬁ)?l] we have constructed a function
fee Lﬁ)?l] such that it differs from f only on a set that has measure less than € and

whose Fourier series with respect to the system ®, converges almost everywhere

and in the metric of LI[DO.l]' Indeed, it is a subseries of a fixed series (see (47)—(52)),
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namely,

0
Z Qg (n) ¢o’(n) .
n=1

So if we repeat the proofs of Theorems 2.1 and, respectively, 2.2 using Lemma 2.9
instead of Lemma 2.8, and we adequately estimate the coefficients in every step,

then we obtain Theorem 2.3 and, respectively, Theorem 2.4. |
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